Abstract. Tuberculosis is the leading cause of death due to infectious diseases in the world today, and it is increasing due to co-infection with HIV-1, the causative agent of AIDS. Here, we examine the impact that HIV-1 infection has on persons with latent tuberculosis. Based on previous work, we develop a mathematical model of an adaptive immune response in the lung which considers relevant immune effectors such as macrophages, various sub-populations of T-cells, and key cytokines to predict which mechanisms are important to HIV-1 infection induced reactivation of tuberculosis. Our results indicate that persons latently infected with TB who are subsequently co-infected with HIV-1 will suffer reactive TB. The mechanisms that contribute to this are essentially related to a completely different cytokine environment at the onset of HIV-1 infection due to the presence of Mycobacterium tuberculosis. Our analysis suggests that macrophages play an important role during co-infection and decreases in macrophage counts are coupled to a decline in CD4 + T-cells and increased viral loads. These mechanisms are also coupled to lower recruitment of T-cells and macrophages, compromising protective immunity in the lung and eventually leading to TB reactivation. These results point to potential targets for drug and vaccine therapies.
Introduction
"The impact of HIV on tuberculosis (TB) has been devastating, with approximately 10% of all global cases now attributable to HIV -were it not for HIV, TB would already be declining worldwide" [43] . It has been estimated that over one-third of the world's population has latent TB [3] [13] . TB is likely to continue to increase with the rising number of HIV infected individuals due to reactivation of latent TB and opportunistic infection by Mycobacterium tuberculosis (Mtb), the etiologic agent for tuberculosis [3] . Once infected with Mtb, 90−95% of individuals progress to latent infection, where they show no clinical manifestations, and the infection is latent. In 5−10% of cases, individuals are not able to control infection and active TB follows, that if not treated, usually results in lung destruction and death [12] . A person who has untreated active TB will infect 10−15 other persons per year [3] . An understanding of the mechanisms involved in the progression of TB and reactivation of latent TB that results from infection with HIV can have a profound effect on predicting the progression from HIV to AIDS, on the survivability of HIV infected persons through preventative treatment strategies, and on the control of TB worldwide.
Immune Response to Intracellular Pathogens
When viruses, bacteria or other pathogenic matter are introduced into the body, an immune response is necessary for control and clearance. Intracellular pathogens (like HIV-1 and M. tuberculosis), are cleared by a cell-mediated, adaptive immune response. There are two classes of T-cells that must be generated for this response: the helper T-cell (Th) and the cytotoxic T-cell. Cytotoxic T-cells, also known as killer T-cells or cytotoxic T-lymphocytes (CTLs), circulate through the bloodstream and the lymph and are capable of eliminating the pathogen by killing damaged or infected cells. The helper T-cell population is divided into Th1 helper and Th2 helper T-cells. Th1 helper T-cells assist in the generation of CTLs. Th2 helper T-cells assist in the generation of B-cells, which are most often engaged in fighting extracellular pathogens (not considered here). Another class of cells that are essential to a cell-mediated immune response are antigen presenting cells (APCs). The two main types of antigen presenting cells are macrophages and dendritic cells. In their normal state they both take up foreign antigen and present it to naive T-cells to generate helper T-cells. But once these APCs become activated by interacting with effector molecules and Th cells that are present at the infection site or in the lymph node, these APCs take on additional and different roles. For example, dendritic cells can then present antigen to CD8
+ T-cells to generate CTLs, while activated macrophages can engulf and digest pathogens and continue to stimulate other immune cells to respond to the pathogens. This process is described in more detail in the next section. In addition, in response to antigen, T-cells and macrophages also release various effector molecules, known as cytokines, that influence cellular recruitment, activation, and function.
Tuberculosis
Tuberculosis is the leading cause of death in the world from a single infectious disease. TB is a highly infectious disease in the active state that is contracted most frequently by inhalation of tu-bercle bacteria in to the lung that is expelled by infected individuals through coughing [1] . Transmission depends on the source patient, the environment, the exposure time and the susceptible person [1] . Repeated, close contacts have been shown to be a key risk factor [1] .
Bacteria enter the lung, which is typically the primary site of infection, where it is engulfed by macrophages during an innate immune response [10] . Mtb has a slow doubling time, approximately 15−20 hours, and it prefers to live within macrophages. Bacteria are then transported by dendritic cells to the closest draining lymph nodes (LN) where the host's adaptive immune response is mounted against infection. In approximately 90% of cases, infection is contained within the lungs in small granulomatous lesions that form at the site of infection, known as granulomas [12] . Granulomas are comprised mainly of bacteria, infected and activated macrophages, dendritic cells and T-cells. Once adaptive immunity is present, Mtb has never been shown to be entirely eradicated from a host, but is likely harbored within granulomas when infection is considered latent. If the host's system later becomes immuno-compromised or perturbed in some way, it is generally thought that granuloma stability can be breached and Mtb can again be released. Often active disease ensues.
Since Mtb generally resides within macrophages, a T-cell mediated immune response rather than an antibody-mediated immune response is necessary to combat infection. Macrophages and dendritic cells initially take up the bacteria at the site of infection and transport bacteria or bacterial antigen to the draining LN where a specific immune response can be developed. In addition to APCs, CD4
+ and CD8 + T-cells are also involved in the protective immune response against Mtb.
During the initial weeks of infection, CD4
+ and CD8 + T-cells are activated and increase in number in the lung-draining lymph nodes. CD4
+ and CD8 + T-cells then migrate to the site of infection where they interact with macrophages. These cells produce gamma interferon (IFN-γ) which activates macrophages to produce nitric oxide, a major antimicrobial mechanism [9] . Other important CD4 + T-cell functions are to help in the activation and maintenance of CD8 + T-cell effector and memory functions as well as the lysis of infected cells [6] . Activation of Mtb specific CD8 + CTLs, occurs in response to both infected cells and antigen presenting cells. CTLs are capable of lysing infected macrophages and can also produce IFN-γ when they interact with Mtb infected APCs, although in much smaller concentrations than the IFN-γ produced by CD4
+ T-cells [51] [30] . The cellular interactions during the immune response to Mtb infection are shown in Figure 1 . In this figure, white circles represent non-pathogen specific immune cells and blue stars represent Mtb specific cells. An important part of a host immune response to any pathogen is the presence of cytokines, which regulate the cells involved in the immune response. The cytokine interleukin-12 (IL-12), which is produced by dendritic cells after phagocytosis of Mtb [20] and macrophages, induces CD4
+ T-cell polarization to type 1 helper T-cells [33] . In addition, the various T-cell populations produce another crucial cytokine IFN-γ that activates anti-mycobacterial macrophage functions, such as the production of nitric oxide mentioned above. Further, cytolytic proteins, such as perforin and granulysin, are produced by the CD8 + T-cells that can directly kill Mtb residing within infected macrophages [53] [54] . Through knock-out studies with mice, tumor necrosis factor-α (TNF-α), which is produced by macrophages, T-cells and dendritic cells, acting as a co- stimulator of IFN-γ to induce macrophage activation, has been shown to be a potent mediator in bacterial containment and in the formation and maintenance of granulomas [17] . On the other hand, interleukin-10 (IL-10) production by macrophages and T-cells during the course of Mtb infection deactivates macrophages [21] , inhibits CD4 + T-cell responses [16] , and down regulates IL-12 production [16] , which consequently decreases IFN-γ production. The importance of these negative regulators of immunity have only recently been elucidated [58] . One can easily see the complexities and interconnectivity of the immune response to M. tuberculosis and how an alteration in the competency of the immune system can disrupt its delicate balance (for better or for worse). Thus, understanding what keeps the system in balance is key to sustaining latent TB.
Human Immunodeficiency Virus (HIV)
Presently, there is no known cure for Acquired Immunodeficiency Syndrome or AIDS, the disease that results from an HIV-1 infection. HIV-1 is a virus that preferentially infects CD4
+ T-cells and macrophages that are critical to our immune system response [41] , thereby compromising a host's ability to control infection. HIV is an RNA-containing virus that uses the enzyme reverse transcriptase to produce a DNA provirus that is inserted into host cell DNA, commonly referred to as a retrovirus [41] . Virus is transmitted through the exchange of HIV-1 infected blood, semen, or vaginal fluids. This transmission frequently occurs during sexual contact, by using needles that are not sterilized (tattooing, intravenous drug users, accidental needle pricks in a clinical setting), use of unsafe blood or blood products, and to infants born to HIV-infected mothers [40] . HIV disease progression has been divided into several distinct phases categorized largely by T-cell (CD4 + ) counts in the blood. On average, humans have approximately 1000 CD4 + T-cells per mm 3 of blood [2] . First, there is the primary HIV infection where the CD4 + T-cell count drops dramatically, followed by an asymptomatic phase where T-cell numbers level off, and finally a progression to AIDS phase, where the CD4 + T-cell counts drop below 200 per mm 3 . The initial infection often goes unnoticed because the symptoms resemble the common flu or routine infections and lasts only a few weeks up to two months. Persons with an asymptomatic HIV infection generally maintain normal health with a CD4 + T-cell count usually greater than 500 cells/mm 3 . On average, this phase lasts 10 years [7] . As a person's T-cell count continues to drop, they present early symptoms such as fever, fatigue, diarrhea, dermatitis, and recurring herpes simplex infections. The late symptomatic stage is characterized by a CD4 + count below 200 cells per mm 3 of blood, and the risk of developing malignancies and opportunistic infections becomes very high. When a person's T-cell count falls below 50 cells/mm 3 , they are classified as having progressed to AIDS and these patients usually present multiple opportunistic infections. While HIV-1 is a blood-borne pathogen, many organs of the body become infected over the course of the disease, including lymph nodes, liver, brain and lungs. It makes sense that the lung becomes a site of infection as all blood passes through the lung to become oxygenated and thus lung tissue is highly vascularized. In some studies, the lung has been shown to be a place of active viral replication [45] [19] . Thus, the interaction with Mtb and HIV-1 in the lung may play a role in co-infection dynamics. We now explore this further.
The Role of HIV-1 in Tuberculosis
HIV weakens the immune system; TB thrives in a weakened immune system. Each disease speeds the other's progress [4] . One-third of the world population is estimated to be infected with TB [13] . HIV-1 is the most powerful known risk factor for reactivation of latent TB infection to active disease [3] . A person with a latent TB infection, who then contracts HIV-1, is 800 times more likely to develop active TB disease than someone who has not been infected with HIV-1 [1] . TB is also a leading cause of death among people who are HIV-positive. These facts make it clear that HIV-1 infection has a significant impact on the reactivation of latent TB. It easily follows that as the number of HIV-1 infected individuals continues to increase worldwide, active TB could become even more of a serious problem, not just because it accelerates the progression of HIV-1 to AIDS, but also because it is itself a highly contagious disease [1] .
When two pathogens are simultaneously involved, the immune response to one pathogen affects the response to another pathogen. Figure 1 shows the relationships between Mtb and HIV-1 specific cell populations during co-infection. During latent TB, Mtb is contained in granulomas the maintenance of which relies on a healthy immune system and largely on the proper functioning of CD4 + T-cells [56] . In HIV-1 infection, the CD4 + T-cells are not only depleted, but their function is also altered. Thus infection with HIV-1 often causes latent TB to reactivate and progress to active disease [52] . Since HIV-1 infection causes CD4 + T-cell depletion, the progression of TB is rapid for co-infected individuals [3] . On the other hand, Mtb causes increased recruitment of CD4 + T-cells that are targets for HIV-1 infection, and production of cytokines, such as TNF, that increase the replication rate of the HIV-1 virus [57] [23] . Studies of T lymphocyte counts in HIV-1, Mtb, and co-infected patients revealed lower CD4
+ and CD8 + T-cell counts in co-infected patients than in those singly infected [46] with either HIV-1 or Mtb (see Table 1 ). Treatment of co-infected patients poses another difficulty. In [39] , the effects of HIV-1/Mtb co-infection on CD4 + T-cell counts for patients treated for TB were measured. These data showed a pronounced initial CD4 + T-cell deficit in co-infected individuals following TB treatment, and a slower increase in CD4 + T-cell counts for co-infected patients as compared to those infected with TB alone. In addition to CD4 + T-cells, macrophages are also important target cells for both HIV-1 and Mtb. Macrophages that were concurrently infected with HIV-1 and bacteria showed decreased cell viability, increased bacilli proliferation and altered cytokine production in vitro [42] . Additionally, phagocytosis of Mtb by macrophages can enhance transcription of HIV in vitro [50] . To further complicate matters, HIV-1/Mtb co-infection also affects TB diagnosis. People infected with both Mtb and HIV-1 are likely to be sputum negative. Since the presence of TB-positive sputum is the primary clinical manifestation of TB, TB in HIV-1 infected individuals is often difficult to diagnose. 
Model Development
To help us understand the role of HIV-1 infection on the reactivation of latent TB, we develop a mathematical model that describes the time course of the adaptive immune response to co-infection with HIV-1 and Mtb. We choose to model the dynamics of immune cells and pathogens in the lung as this is the primary site of infection for Mtb and there is evidence that the lungs are an important site for HIV-1 infection due to its highly vascular structure [45] . There is also evidence in non-human primate models of SIV infection indicating that HIV-1 is present there [19] . Further, mechanisms driving TB reactivation likely occur in the lung. Although the lymph nodes are the site of the generation of the adaptive response, we allow that compartment to be captured phenomenologically as a first step. Previously, Kirschner developed a simple model of TB/HIV-1 co-infection dynamics [28] . That work showed that HIV-1/Mtb co-infection results in lower T-cell levels, and greater bacterial or viral loads than those seen during Mtb only or HIV-1 only infections respectively. That study also predicted that co-infection induced the reactivation of latent TB in almost every case. In this work, we include many more mechanistic details about the immune system response, such as the role of key cytokines, and the interactions between different T-cell and macrophage populations. By incorporating these additional dynamics, we hope to contribute further to the understanding of HIV-1 induced TB.
The model we develop captures the dynamics occurring between macrophages, various subpopulations of T-cells, bacteria, virus, and select cytokines using 19 nonlinear, ordinary differential equations. We base our ideas on previous research performed by our group [35] Tables 2-4 in Appendix A.1.
The Role of Macrophages During Infection
The rate of change of resting macrophages is described mathematically by Eqn. 2.1. This equation includes a constant source (term 1) and natural death term (term 7) maintaining a homeostatic level of resting macrophages that would typically be present in a healthy immune system. During infection, resting macrophages are recruited to the site of infection in response to TNF [5] , a process that is inhibited by IL-10 (term 5) [14] , and are additionally recruited by chemokines produced by activated and infected macrophages (term 2) [5] . Term 6 accounts for the fact that in the presence of IFN-γ, macrophage activation occurs given a secondary signal from TNF or extracellular bacteria [18] . Resting macrophages may become infected by either free Mtb or HIV-1 and this is captured in terms 3 and 4. The rate that resting macrophages become infected by Mtb depends on the number of resting macrophages and the amount of extracellular bacteria present. As shown in Eqn. 2.4, Mtb infected macrophages can be cleared either by bursting (term 3), which occurs when the macrophage reaches its intracellular bacterial carrying capacity, lysis by killer T-cells (term 4), apoptosis induced by either T helper cells (Fas-FasL) (term 5) or TNF (term 6), or they can die naturally (term 7). Eqn. 2.3 represents that macrophages that become infected with HIV-1 (M V ) undergo apoptosis induced by TNF (term 5), may be killed directly by HIV-1 specific CTLs (term 3), or may die naturally (term 6).
The first and second terms of Eqn. 2.5 capture the increase in the co-infected macrophage population when Mtb infected macrophages become infected with HIV-1 and vice versa. Co-infected macrophages exhibit prolonged and increased production of TNF, increased Mtb production (but not HIV-1 production) (term 6 in Eqn. 2.12), and increased cell death (term 7). Co-infected macrophages can be cleared either by bursting (term 3), by Fas-FasL or TNF-induced apoptosis (term 5) [26] , lysis by helper and killer T-cells (terms 4 and 6), or they can die naturally at a rate µ M C .
The equations governing the dynamics of resting (
, and co-infected macrophages (M C ) respectively are as follows.
T-Cell Response
Eqn. 2.7 describes the time evolution of resting CD4
+ T-cells. Since the trafficking of immune cells to the lung from the lymph node is not explicitly modeled, a source of resting CD4
+ T-cells is included that depends on the number of infected and activated macrophages (term 1). Resting CD4 + T-cells will proliferate in response to signals from helper T-cells and activated macrophages (term 2), and, as described in the third term, be recruited to the site of infection in response to TNF [5] . CD4 + T-cell proliferation is diminished due to HIV-1 infection (third factor in term 2) [44] . Resting CD4 + T-cells become infected by HIV-1 either through interactions with infected macrophages (term 4) or with free virus (term 5). The rate at which resting CD4
+ T-cells become infected is inhibited by both IFN-γ and killer T-cell secreted chemokines that compete with HIV-1 for binding to the CCR5 receptor or CXCR4 HIV coreceptors [22] on the CD4 + T-cell. Infected CD4 + cells can be destroyed by CTL killing or they can die naturally. Infected T-cells produce an increased amount of TNF. Resting CD4 + T-cells become activated by IL-12 and interaction with antigen presenting cells (term 6). The last term captures the natural death of these T-cells.
Helper T-cell trafficking from the lymph node is captured with a source term dependent on the level of infection and activated macrophages, but additional recruitment occurs in response to TNF. The rate of change of Th1 helper T-cells also increases as resting CD4
+ T-cells become activated and Th1 polarized. Like resting CD4
+ T-cells, helper T-cells can become infected by HIV-1 and die naturally. In the presence of activated macrophages, Th1 T-cells can be killed by IFN-γ induced apoptosis (term 6) [15] .
Eqn. 2.9 represents the rate of change in CD8
+ T-cells. A source of CD8 + T-cells that is determined by the level of activated macrophages and infection (captured in first term). Similar to resting CD4
+ T-cells, CD8 + T-cells will proliferate in response to signals from activated macrophages (term 2) and be recruited to the site of infection in response to TNF (term 4). Additionally, CD8 + T-cells can differentiate into either HIV-1 or Mtb specific CTLs and die naturally, as captured in terms 3, 5, and 6 respectively.
Eqns. 2.10 and 2.11 describe the HIV-1 and Mtb specific CTL population dynamics respectively. A small proportion of Mtb specific CTLs arrive at the site of infection from external sources and are modeled using a source term (term 1). Mtb specific CTLs are also recruited in response to TNF (term 2). Additional Mtb specific CTLs are generated when resting CD8
+ T-cells are activated and this process is augmented by IL-12 and IFN-γ (term 3), but decreases in this population occur through IFN-γ induced apoptosis (term 4) [47] and natural death (term 5). As shown in Eqn. 2.10, HIV-1 specific CTLs also arrive at the site of infection through external sources (term 1) and are generated by cross-presentation of an APC (represented by HIV-1 infected macrophages, M V , in term 2) to the T 8 .
The equations describing the dynamics of resting CD4
, and Mtb specific cytotoxic T lymphocytes (K M ) respectively are shown below.
Pathogen Dynamics
Eqn. 2.12 describes the rate of change in extracellular Mtb. This population increases as a result of proliferation (term 1), infected macrophage bursting (terms 5-6) or natural death (term 2). Extracellular bacteria also increases as a result of Fas-FasL and TNF-induced macrophage apoptosis (terms 9-10). Extracellular bacteria can also be taken up by resting and activated macrophages (terms 3-4).
Eqn. 2.13 mathematically characterizes the rate of change in intracellular Mtb. Intracellular Mtb levels increase as macrophages become infected and the bacteria proliferate within these infected macrophages (terms 1-3). When an infected macrophage dies, whether it is by bursting (terms 4-5), Fas-FasL induced apoptosis (term 6) [53] , or TNF-induced apoptosis (term 7) [11] , a fraction of intracellular bacteria survive and become a source of extracellular Mtb. However, lysing by a CTL (terms 8-10) kills virtually all intracellular bacteria and does not contribute to the extracellular Mtb population [53] .
The equations governing the growth and interactions of extracellular (B e ) and intracellular (B i ) Mtb respectively are as follows.
(2.12)
HIV-1 virions (V) are generated within productively infected T-cells (first term in Eqn. 2.14) and infected macrophages (terms 2, 3). We also account for the fact that HIV-1 specific CTLs inhibit the production of new virus as well as natural virion death (term 4). Virion production occurs at such a rapid rate that we neglect other terms, such as viral uptake by immune cells.
The equation describing the production of HIV-1 is given by
(2.14)
Effects of Cytokine Production
Eqn. 2.15 shows the time evolution of TNF. TNF is mainly secreted by infected macrophages (term 1), however, activated macrophages will also produce TNF in response to IFN-γ or total Mtb (term 2). TNF is additionally produced by helper and killer T-cells (terms 3, 4 respectively), and has a natural half-life (term 5).
Eqn. 2.16 describes the rate of change of IFN-γ in time. IFN-γ is produced by infected macrophages (term 3 of Eqn. 2.16), Th1 (term1) and killer (term 2) T-cells in response to activated macrophages [31] , and has a natural half-life. An additional source term (term 4) is included to capture the production of IFN-γ by natural killer cells that depends on the bacterial load and IL-12 concentration [29] .
IL-10 is primarily produced by activated macrophages, a process that is inhibited by IL-10 and IFN-γ [24] . This is described mathematically by the first term of Eqn. 2.17 It is additionally produced by helper and killer T-cells (terms 2, 3 respectively) and has a natural half-life (term 4). IL-10 inhibits synthesis of pro-inflammatory cytokines like IFN-γ, IL-2, and TNF.
IL-12 is produced by both resting and activated macrophages [24] as shown in the first and second terms of Eqn. 2.18. However, during Mtb infection, dendritic cells are actually the primary source of IL-12 [24] . Since dendritic cells are not explicitly being modeled, the third term is a source term that captures this dynamic. On the other hand, a decrease in IL-12 secretion during HIV-1 infection has been proposed as a major defect in the ability to control HIV-1 and other opportunistic infections otherwise cleared by cell-mediated responses. Here we allow for the possibility that viral load reduces IL-12 production (term 3). The final term in Eqn. 2.18 indicates that IL-12 is also naturally degraded.
IL-4 production by resting CD4
+ T-cells is included to account for its inhibitory effect on IFN-γ induced macrophage activation and resting T-cell differentiation (first term of Eqn. 2.19). The second term accounts for the fact that IL-4 is also naturally degraded.
The equations describing TNF-α (F ), IFN-γ (I γ ), IL-10 (I 10 ), IL-12 (I 12 ) and IL-4 (I 4 ) production and half-life decay are given by
Uncertainty and Sensitivity Analysis
Whenever possible, we use experimental data to determine the model parameter values. However, variability and uncertainty inherently exist due to imprecision in experimental measurement, differences among host populations, and differences in experimental design (e.g., in vitro vs. in vivo).
To determine the sensitivity of our results to the parameter values chosen, we perform a samplebased sensitivity analysis that combines Latin hypercube sampling (LHS) of the parameter space and partial rank correlation coefficients (PRCCs). For each input parameter, LHS technique generates N samples from probability distributions (i.e., probability density functions) assigned a priori to each parameter, where N denotes the number of simulations required for a reliable analysis. No rule exists as to what the optimal sample size should be to perform a reliable analysis: usually N is set to 500 or 1000 for accuracy, unless the computational cost is prohibitive. Each interval is then divided into N equiprobable subintervals to be sampled without replacement. Sampling is conducted independently for each parameter and a matrix (LHS matrix) of N rows and k columns (e.g., the number of parameters included in the analysis) is generated. Each row represents a parameter combination that is fed into the model: N outputs are generated and PRCCs are calculated between LHS matrix and the output vector. The partial rank correlation coefficient is a measure of the strength of the relationship between each input variable and each output variable, after the effects of other parameters have been discounted. Results of the PRCC are dependent on the choice of parameter ranges used in LHS. For a complete study of uncertainty and sensitivity analysis as it applies to mathematical modeling of biological systems, see [38] .
In our analysis of this co-infected system, we use total bacterial load (B T = B e + B i ) as an indicator of Mtb infection. To measure the progression of HIV-1 infection, we use viral titer (V ) and total CD4 count (T 4 + T 1 + T V ). We select all three outputs (B T , V, T 4 + T 1 + T V ) for the uncertainty and sensitivity analysis of the co-infection scenario. We set N =1000 for the LHS and specify uniform probability density functions for each parameter variability. We study 27 TB related parameters in the TB only LHS-PRCC analysis (see Table 4 in the Appendix for details). For HIV only and the co-infection scenario, we conduct uncertainty and sensitivity analysis by varying only HIV related parameters (see Table 3 in the Appendix for details). We select a subset of 29 parameters for the co-infection scenario, assuming that all TB related parameters are unchanged and set to the values used to control and mantain TB. In other words, HIV-1 infection does not directly alter TB related parameters.
Results
To verify that the model is working and gives biologically reasonable results, we perform a series of negative and positive control experiments to compare with previously studied cases. Each of these models yields results for population cell sizes in the lung (number of cells per mm 3 ) and cytokines in pg/ml. Three control experiments were performed: 1) negative control where the individual is healthy, that is, there is no Mtb or HIV-1 and there is a constant level (3x10 5 per mm 3 ) of resting macrophages, 2) Mtb infection, which is a healthy person who has inhaled 40 bacteria, and 3) HIV-1 infection, which is a healthy host who becomes infected with HIV-1. In the absence of any infection, resting macrophage levels remain constant and all other variables are zero (not shown). Results from cases 2 and 3 are presented below. Table 5 summarizes the initial conditions used for each scenario. We would like to point out that parameter values used in this model are taken from the literature, but they are derived from many different experimental systems and species. Consequently, the biological variability between animal models introduces an inherent degree of uncertainty in parameter estimates. We address this uncertainty systematically using the sensitivity analysis techniques described in section 2.2. A list of parameter definitions and their values are given in the Appendix. Figure 2 shows one outcome of a healthy host infected with Mtb. After approximately 120 days (4 months), extracellular bacteria levels are controlled and the host enters latent infection. Each infected macrophage carries approximately 10 bacteria (computed from number of infected macrophages divided by the number of intracellular bacteria in steady state). Cellular and cytokine level dynamics agree with those obtained previously [58] [55] [37] . Our simulations show that Mtb infection can also result in active TB disease (Fig. 3) . For example, changing the parameters k 14A , k 15 , α 20 , N , and k 17 and holding all other parameters in Tables 2-4 fixed, the system progresses to active disease instead of latency. In the sections following, we discuss how to determine which parameters in the model can control this type of bifurcation. During active TB, we observe growing intracellular and extracellular bacterial levels, and, compared to latent infection, a heightened immune response evidenced by significantly greater activated and infected macrophage and T-cell numbers and cytokine levels. These two results compare qualitatively and quantitatively well with the latent and active TB results published previously [55] . As seen in Figure 3 , after 200 days the extracellular bacteria burden increases to levels that are no longer biologically relevant as the host would die of bacterial sepsis given bacterial loads this high. Accordingly, we limit our interpretation and comparisons of immune response dynamics to 200 days. Figure 2: Numerical simulation of an initially healthy host infected with Mtb. Host shows containment of infection and enters latency after approximately 120 days (4 months). These simulations agree with those published in [55] . Parameter set shown in Tables 2-4. Units are measured in cells/mm 3 and pg/ml for cytokine concentrations.
Mtb Infection Without HIV-1 Present

Identifying Parameters that Govern Mtb Infection Dynamics
For Mtb infection alone, numerically there are 3 steady states: clearance (not shown), latency (Fig. 2) , and active disease (Fig. 3) . To identify which parameters in the model regulate switching between these steady states (i.e., bifurcation-type parameters) we employ the sensitivity analysis as described in section 2.2. This analysis identifies several mechanisms that regulate Mtb infection outcome (see Table 6 ). The rate of bursting of infected macrophages (k 17 ) is negatively correlated with bacterial load, while extracellular bacteria growth rate (α 20 ) and the half saturation of bacterial infection rate of macrophages (c 9 ) are both positively correlated with total bacterial levels. Interestingly, the parameter N , which represents the carrying capacity of infected macrophages is negatively correlated with total bacterial load. In addition, the rate that macrophages become infected with Mtb (k 2M ) is also negatively correlated with infection outcome throughout infection. This finding suggests that as more macrophages become infected, more bacteria are trapped inside macrophages, and therefore the chance they can be killed from cytotoxic or apoptotic mechanisms, or after being released due to M M bursting, is higher. This dynamic ultimately has a negative impact on bacterial levels. Figure 4 shows the simulated dynamics of cytokines, virus, and cell population in the lung of a HIV-1 infected person. Infection is initiated by the arrival of 10 virions at time zero. Infected cells (T-cells and macrophages) rapidly increase, free virus rapidly increases, and total cell populations increase due to recruitment and proliferation in response to infection in the lung. After approximately 2 months, the system reaches a steady state of infection consistent with the establishment of a clinical set-point viral load and immune activation level [25] . Relatively little experimental data exists for HIV-1 dynamics in the lung. However, we find that this model qualitatively recapitulates the increase in infected cell counts seen between 2 weeks post-infection and 1-2 months postinfection in a rhesus macaque simian immunodeficiency virus infection model [19] . Moreover, this animal study finds that on average, at 1-2 months post-infection, 85.9 percent of virus-infected cells are CD68 + , a marker for macrophages. Our model quantitatively recapitulates this finding, as 90 percent of infected cells in our simulation are macrophages at day 500 of infection (Fig. 4) .
HIV-1 Infection Only
Identifying Parameters that Govern HIV-1 Infection Dynamics
Performing sensitivity and uncertainty analysis on the system when only HIV-1 infection is present, we find that many of the same mechanisms that significantly affect viral load (V ) also significantly affect total CD4 + T-cell counts (T 4 +T 1 +T V ) (see Table 7 ). The effects of these parameters are consistent throughout the entire course of infection. The parameter µ M V (virus-infected macrophage natural death rate) is negatively correlated with both viral load and total CD4 + counts. Virus death rate µ V is also negatively correlated to viral load. Other parameters positively correlated to viral load and CD4 + count include: c 52 V , the half-saturation rate for CTL killing of infected macrophages; k 2V , the macrophage infection rate; and, Π M , the infected macrophage virus production rate. That these parameters all significantly affect both viral load and total CD4 + T-cell count, with the same correlation coefficient sign, is surprising: in other physiological compartments, such as blood and lymphoid tissue, higher viral loads are associated with CD4 + T-cell depletion. This CD4 + T-cell depletion is often attributed to failure of homeostatic mechanisms in the bone marrow, thymus, or lymphoid tissue -a phenomenon that this lung infection model cannot capture. Therefore, this finding is consistent with the idea that T-cells are increasingly recruited to, and infected, in peripheral sites of infection like the lung, despite a failure to replenish them elsewhere in the body. Indeed, we find that parameter α 30 , recruitment of T-cells by macrophage-produced TNF, is the parameter most strongly correlated with total CD4 + counts. 
HIV-1/Mtb Co-Infection
Since two billion people in the world are latently infected with TB, our goal is to understand how HIV-1 infection impacts that latent infection. Using the results from the latent Mtb infection as initial conditions (see Table 5 and Fig. 2) , we simulate TB/HIV-1 co-infection by infecting a latent TB host with HIV-1. Figure 5 shows the HIV-1 infection of a host with latent TB over 30 days and captures the very early dynamics of HIV-1/Mtb co-infection. Within the first week, there is a decrease in both intracellular and extracellular bacterial loads coincident with the increase in the number of activated macrophages that results from greater levels of IFN-γ. In addition, during this time CD4
+ T-cells and CTLs are recruited to the site of infection. CD4 + T-cells and activated macrophages quickly become infected with HIV-1 and viral load rises. Figure 6 shows the immune system dynamics of HIV-1/Mtb co-infection over the course of 500 days (> 1 year). We observe that, in the presence of HIV-1 co-infection, a host with latent TB is now unable to control bacterial growth. Intracellular and extracellular bacterial burdens increase and the immune response fails to contain the Mtb infection. Viral infection is also sustained. After an initial increase, both CD4 + and CD8
+ T-cells decline. Viral load initially increases and is then followed by a lower set-point. This decline in T-cells, which is not observed in the TB infection (see Figs. 2 and 3 ), is likely due to a completely different cytokine environment that impacts recruitment and CD4
+ T-cell profile (see below for details). Comparing HIV-1 infection dynamics (Fig. 4 ) with active TB (Fig. 3) , we notice that CD4 + T-cell levels are lower in HIV-1 infection than those present during Mtb infection and that CD8 + T-cell counts are at similar levels during HIV-1 and Mtb only infections. These findings are qualitatively verified by the empirical results presented in Table 1 of section 1.4. Of course this assumes that the relative T-cell count in the blood is representative of the relative Tcell count in the lung. When we compare the immune system response to HIV-1/Mtb co-infection (Fig. 6) to the immune response of a host infected with either Mtb or HIV-1 (Figs. 3 and 4) , several key differences can be seen. A co-infected host has lower resting CD4
+ and CD8 + T-cell counts than in HIV-1 infection or Mtb infection alone. These results also compare qualitatively well with those presented in Table 1 . Interestingly, while we do not observe a decrease in CD8
+ T-cells and CTL cells in a host infected with either HIV-1 or Mtb, we observe that these cells are depleted over time in a co-infected host.
This model captures some key dynamics that are observed during HIV-1/Mtb co-infection, including the reactivation of latent TB and rapid progression to active disease, and lower CD4 + and CD8 + T-cell levels than in singly infected individuals (see Table 1 for experimental data on T-cell counts). Comparing the dynamics of viral loads during HIV-1 infection alone reveals another key dynamic. During HIV-1/Mtb co-infection, there is a delay in the viral load peak followed by a lower set point. This phenomenon is typically based on viral counts in the blood during the acute stage of HIV-1 infection. If viral titer in the blood is a good measurement of viral load in the lung, then we must examine why the lower set point is not observed during the HIV-1 infection alone. This is likely due to the fact that there are no fluctuations in the HIV-1 specific CTL population during the HIV only infection scenario. In fact, this appears to be the mechanism driving the lower viral set point in [8] . Tables 2-4 . Units are measured in cells/mm 3 and pg/ml for cytokine concentrations.
Identifying Parameters that Govern HIV-1/Mtb Co-Infection Dynamics
We are interested in studying the mechanisms that are crucial to tuberculosis reactivation induced by HIV-1 infection. For this purpose we fix the TB related parameters to the values resulting in latent TB and vary only the HIV-1 related parameters (Table 3) . This allows us to predict the mechanisms that induce reactivation of TB and how they affect the overall immune response in the co-infected situation. As one might expect, many of the same mechanisms that drive viral load and CD4 + T-cell counts during HIV infection (e.g., virus infection rate of macrophages (k M V ) and virus production rate by infected macrophages (Π M )) also drive viral load during HIV-1/Mtb co-infection. We find that these mechanisms are, however, also positively correlated with total bacterial load (B e + B i ). This finding is consistent with the empirical evidence that co-infection reactivates TB infection. Our mechanistic model coupled with an analysis of this sort can suggest which mechanisms are responsible for HIV-1 induced TB reactivation. Table 8 shows those parameters that significantly (p-value < 0.01) contribute to TB reactivation.
When we compare HIV-1 only infection (Table 7) with co-infection (Table 8) , we find that macrophage dynamics become more significant. For example, the HIV-1 infection rate of resting macrophages, k 2V , and CTL killing of HIV-1 infected and co-infected macrophages, k 52 V , both become significant. In addition, new co-infection mechanisms lead to increased viral load: the death rate of co-infected macrophages, µ M C , and the viral infection rate of Mtb infected macrophages, k M V . This suggests an important role for macrophages in co-infection dynamics. Interestingly, the signs and magnitude of the PRCCs for µ M C change for each of our outcome variables over the course of co-infection (Table 8 ). This suggests that initially (less than ∼100 days) the death of co-infected macrophages works against the virus and in favor of recruiting CD4 + T-cells, but later in infection, the opposite is true. However, death of co-infected macrophages helps Mtb infection because it disseminates bacteria to spread Mtb infection.
In addition to macrophages playing a more prominent role in co-infection dynamics, infection and killing rates also have increased significance. CTL killing of HIV-1 infected and co-infected macrophages (k 52 V ) now has a negative impact on viral loads and total bacterial loads (Table 8) . It also is negatively correlated with CD4 + T-cells as they now become infected with the release of viral particles upon death of infected macrophages. Because of this reduction in T-cells, the host is less able to combat both infections. This points to the role of infected macrophages in speeding the progression of both HIV-1 and Mtb infections in co-infected hosts. The viral infection rate of Mtb infected macrophages (k M V ) increases CD4 + T-cell counts, viral loads and bacteria loads (see Table 8 ). This suggests that virus and bacteria do better in the co-infected system, each helping the other overcome the immune response.
During co-infection, different intitial viral loads (V (0)) affect total viral load (V ), total CD4 + count (T 1 + T 4 + T V ) and bacterial burden (B T ) only in the first days post infection (see Table  9 ). The positive correlation with total viral load is strong the first 3-4 days post-infection with weak correlations even after 2 months post infection. On the other hand, the positive effect on total
CD4
+ T-cell counts is gone after one week, with its peak at 2-3 days. Results shown in Table 9 indicate different viral inocula have significant effects on total bacterial load. Initially (up to one week), we see a decrease in bacterial burden (negative correlation), with a peak between days 2-4. Later on during infection (at 2 and 6 months), the higher viral inoculum results in higher bacterial burden (positive correlation). One interesting observation is that the positive correlation between the initial viral titer V (0) and CD4
+ T-cells closely mirrors the negative correlation between V (0) and total bacterial load. This suggests that the initial recruitment of T-cells (and likely other immune cells), due to HIV-1 infection, helps to control Mtb infection initially. However, in very short order, we observe that an increase in initial viral load actually makes the HIV-1 and Mtb infection worse. This suggests that the virulence of the HIV-1 strain, or the magnitude of the initial exposure to HIV-1, may have an effect on the speed of co-infection progression.
Conclusion and Future Directions
It is clear that co-infection of HIV-1 and TB is a global health issue of increasing importance. Combined with the network for disease transmission that the rapid transport of people creates, and the increasing presence of multi-drug resistant TB rendering it basically incurable, HIV-1/Mtb co-infection becomes the largest known global health problem. In most cases, an individual will harbor latent TB prior to infection with HIV-1, rather than the opposite scenario. Thus, our focus in this work has been to examine the dynamics of co-infection and to predict what factors contribute to the reactivation of TB once HIV-1 infection occurs. Our model captures some of the key cellular dynamics that are observed during HIV-1/Mtb co-infection, including the reactivation of latent TB and more rapid progression to active disease, lower T-cell levels than in singly infected individuals, as well as decreasing CD4
+ and CD8 + T-cell counts. Our results from analyzing the co-infected model suggest that macrophages play the central role in infection dynamics driving the system to disease. Thus, our work supports the hypothesis that therapies aimed at assisting macrophages in dealing with the double burden of mycobacteria and HIV-1 will have the greatest impact.
There are still some areas that can be explored with our model. For example, a study of SIV replication in macaque lung tissues indicates that there is not much local viral replication in the lungs during the earliest stages of HIV-1 infection [19] , however, our model shows a sharp increase of virions in the lung. It is not clear why this is the case since the lung is a highly vascularized organ and there is likely to be virus there. Our model could be used to investigate under what conditions viremia in the lung persists, for example by including an intrinsic antiviral activity in the lung such as defensins or surfactants, or by more closely examining the role of infected macrophages in viral replication to see if macrophage infection controls the switch in the virus tropism (i.e., its choice of macrophages versus T-cells as the preferred host cell) during infection. Including additional physiological compartments, for example blood and lymph node, can assist in refining this model as we have done previously [48] [55] , [8] , and [27] . The following parameters were estimated specifically for this study. Two of these are related to TB/HIV co-infection, µ M C and k V M . As there are very little data and numerical studies quantifying the kinetics of co-infection, we assume that the co-infected macrophage death rate (µ M C ) and the rate at which HIV infected macrophages become infected with Mtb (k V M ) are approximately equal to those during Mtb infection alone, i.e., µ M M and k 2M respectively. In addition, specific quantities for kinetic rates related to HIV-1 infected macrophages are also unobtainable in the literature, specifically c 52 V and k 52 V . We estimate these parameters based on corresponding parameters available for Mtb infection alone, c 52 M and k 52 M respectively. The half-saturation constant related to the effect of IL-γ on macrophage activation, s 1 , is chosen to calibrate activated macrophage dynamics with those previously published [55] . We realize that these parameter estimates may or may not be accurate and that experimental verification is still needed. To understand to what degree these assumptions affect the relevance and reliability of our results, we include all estimated parameters in the sensitivity and uncertainty analysis. 
[1e −11 ,1e −10 ] /day virion k 17 .5 sat: V on M C infec 8e Cytotoxic M M killing −0.14 s 10 Half sat: I γ on M a F prod 0.12 0.12 V enhance T 1 F prod −0.13 Initial viral load 0.13 Table 9 : PRCCs of different initial viral loads (V (0)) on total viral load (V ), total CD4 + count (T 1 + T 4 + T V ) and bacterial burden (B T ) during co-infection in the first days post infection. Only significant coefficients are listed (p-value < 0.01). 
